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Abstract
A graph is half-transitive if its automorphism group acts transitively on its vertex set and edge set, but
not on its arc set. In this paper, the tetravalent half-transitive graphs of order 4p are classified for each
prime p. It is shown that there are no tetravalent half-transitive Cayley graphs of order 4p and a tetravalent
half-transitive non-Cayley graph of order 4p exists if and only if p − 1 is divisible by 8, which is unique
for a given order.
c© 2006 Elsevier Ltd. All rights reserved.
1. Introduction
Throughout this paper graphs are assumed to be finite, simple, unless specified otherwise,
connected and undirected (but with an implicit orientation of the edges when appropriate). For a
graph X we let V (X), E(X), A(X) and Aut(X) be the vertex set, edge set, arc set and the full
automorphism group of X , respectively.
A graph X is said to be vertex-transitive, edge-transitive or arc-transitive if Aut(X) acts
transitively on V (X), E(X) or A(X), respectively. A graph is said to be 12 -transitive or half-
transitive provided that it is vertex-transitive and edge-transitive, but not arc-transitive. More
generally, by a 12 -transitive action of a subgroup G of Aut(X) on a graph X we shall mean a
vertex-transitive and edge-transitive, but not arc-transitive action of G on X . In this case we shall
say that the graph X is (G, 12 )-transitive.
The investigation of half-transitive graphs was initiated by Tutte [23] and he proved that a
vertex- and edge-transitive graph with odd valency must be arc-transitive. In 1970, Bouwer [4]
constructed the first family of half-transitive graphs and later more such graphs were constructed
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(see [2,8,10,11,22,24]). Let p be a prime. Chao [5] proved that there are no half-transitive graphs
on p vertices. By Cheng and Oxley [6], also there are no half-transitive graphs of order 2p as
a result of the classification of weakly symmetric graphs of order 2p, and Alspach and Xu [2]
classified the half-transitive graphs of order 3p. Marusˇicˇ et al. have spent more than five years
on the classification of the half-transitive graphs of order 4p, but it is still elusive. Clearly, the
smallest valency of a half-transitive graph is 4. In this paper, we shall classify the tetravalent
half-transitive graphs of order 4p. It is shown that there are no tetravalent half-transitive Cayley
graphs of order 4p and a tetravalent half-transitive non-Cayley graph of order 4 p exists if and
only if p − 1 is divisible by 8, which is unique for a given order. Constructing and characterizing
tetravalent half-transitive graphs is currently an active topic in algebraic graph theory (see, for
example, [7,9,12–17,25]).
2. Preliminary results
For a finite group G, and a subset S of G such that 1 ∈ S and S = S−1, the Cayley graph
Cay(G, S) on G with respect to S is defined to have vertex set G and edge set {[g, sg] | g ∈
G, s ∈ S}. Given a g ∈ G, we define the permutation R(g) on G by x → xg, x ∈ G.
Then R(G) = {R(g) | g ∈ G} is a permutation group isomorphic to G, which is called
the right regular representation of G. The Cayley graph Cay(G, S) is vertex-transitive since
it admits R(G) as a regular subgroup of the automorphism group Aut(Cay(G, S)). Furthermore,
the group Aut(G, S) = {α ∈ Aut(G) | Sα = S} is also a subgroup of Aut(Cay(G, S)). Actually,
Aut(G, S) is a subgroup of Aut(Cay(G, S))1, the stabilizer of the vertex 1 in Aut(Cay(G, S)).
A graph X is isomorphic to a Cayley graph on a group G if and only if its automorphism group
Aut(X) has a subgroup isomorphic to G, acting regularly on the vertex set of X (see [3, Lemma
16.3]).
Clearly, a half-transitive graph has no automorphisms which interchange the two arcs of any
given edge. Let X = Cay(G, S) be a Cayley graph on a group G with respect to S. If s ∈ S
is an involution then R(s) interchanges the two arcs (1, s) and (s, 1) in X and if there is an
α ∈ Aut(G, S) and a t ∈ S such that tα = t−1 then αR(t) interchanges the two arcs (1, t) and
(t, 1). This implies the following proposition.
Proposition 2.1. Let Cay(G, S) be a half-transitive graph. Then, there is no involution in S and
no α ∈ Aut(G, S) such that sα = s−1 for any given s ∈ S.
Let X = Cay(G, S) be a Cayley graph on an abelian group G. Note that the mapping
α : x → x−1, x ∈ G, is an automorphism of G and so α ∈ Aut(G, S). Since
αR(s) ∈ Aut(X) interchanges the arcs (1, s) and (s, 1) for each s ∈ S, one has the following
proposition.
Proposition 2.2. Every edge-transitive Cayley graph on an abelian group is also arc-transitive.
Let p be a prime. Using the fact that there are no half-transitive graphs of order p or 2 p [5,
6], together with a computer classification of vertex-transitive graphs of order less than or equal
to 26 by McKay, Praeger and Royle [18–20], one may conclude that there are no half-transitive
graphs with fewer than 27 vertices (see also [1]).
Proposition 2.3. There are no half-transitive graphs with fewer than 27 vertices.
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3. Main result
Let Zn denote the cyclic group of order n and Z∗n the multiplicative group of Zn consisting of
numbers coprime to n. First we introduce some half-transitive graphs of order 4p, where p is a
prime.
Construction of half-transitive graphs of order 4 p: Let p be a prime and let r ∈ Z∗p satisfy
r4 = −1. The graph X (r; 4, p) is defined to have vertex set {v ji | i ∈ Z4, j ∈ Zp} and edge
set {[v ji , v j+r
i
i+1 ], [v ji , v j−r
i
i+1 ] | i ∈ Z4, j ∈ Zp}. By ˇSajna [21] or Marusˇicˇ [14, Theorem 3.4],
X (r; 4, p) is half-transitive.
Lemma 3.1. Let p ≥ 7 be a prime. Then, there exists an r ∈ Z∗p such that r4 = −1 if and
only if p − 1 is divisible by 8. Furthermore, if r4 = −1 (r ∈ Z∗p) then the graphs X (r; 4, p),
X (r3; 4, p), X (r5; 4, p) and X (r7; 4, p) are isomorphic each other.
Proof. Since p ≥ 7 and Z∗p ∼= Zp−1, the first part of the lemma follows from the fact that
r4 = −1 if and only if r is an element of order 8 in Z∗p . Clearly, if r is an element of order
8 in Z∗p then all elements of order 8 in Z∗p are r , r3, r5 and r7 because Z∗p is cyclic. Note that
the vertex sets of the graphs X (r; 4, p), X (r3; 4, p), X (r5; 4, p) and X (r7; 4, p) are the same
set {v ji | i ∈ Z4, j ∈ Zp}. Since r4 = −1, it is easy to check that the identity permutation
on {v ji | i ∈ Z4, j ∈ Zp} is a graph isomorphism from X (r; 4, p) to X (r5; 4, p) and also a
graph isomorphism from X (r3; 4, p) to X (r7; 4, p). And the permutation v j0 → v j1 , v j1 → v j0 ,
v
j
2 → v j3 , v j3 → v j2 ( j ∈ Zp) on {v ji | i ∈ Z4, j ∈ Zp} is a graph isomorphism from
X (r; 4, p) to X (r3; 4, p). Thus, the graphs X (r; 4, p), X (r3; 4, p), X (r5; 4, p) and X (r7; 4, p)
are isomorphic to each other. 
Let p ≥ 7 be a prime and r an element of order 8 in Z∗p . Since Z∗p has exactly four elements of
order 8 in Z∗p , that is, r , r3, r5 and r7, Lemma 3.1 implies that the graph X (r; 4, p) is independent
of the choice of r and we denote by X (4, p) the graph X (r; 4, p).
Let X and Y be two graphs. The lexicographic product X [Y ] is defined as the graph with
vertex set V (X[Y ]) = V (X)× V (Y ) and two vertices u = (x1, y1) and v = (x2, y2) in V (X[Y ])
being adjacent in X[Y ] whenever x1 is adjacent to x2, or x1 = x2 and y1 is adjacent to y2.
Clearly, if both X and Y are symmetric then X[Y ] is symmetric. Now we consider the tetravalent
half-transitive Cayley graphs of order 4p.
Lemma 3.2. There are no tetravalent half-transitive Cayley graphs of order 4 p for each
prime p.
Proof. By contradiction, let X = Cay(G, S) be a tetravalent half-transitive Cayley graph on a
group G of order 4 p with respect to S. Since there are no half-transitive graphs of order p or
2 p [5,6], X is connected. Thus, |S| = 4, S−1 = S and 〈S〉 = G. By Proposition 2.3, one may
assume that p ≥ 7 and by Proposition 2.2, G is non-abelian. From the elementary group theory
we know that up to isomorphism there are three non-abelian groups of order 4p defined as
G1(p) = 〈a, b | a2p = b2 = 1, bab = a−1〉;
G2(p) = 〈a, b | a2p = 1, b2 = a p, b−1ab = a−1〉;
G3(p) = 〈a, b | a p = b4 = 1, b−1ab = ar , r2 = −1 (mod p)〉.
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We now consider three cases: G = G1(p), G2(p) or G3(p).
Case I: G = G1(p)
In this case, G cannot be generated by elements in 〈a〉. The connectivity of X implies that
there is at least one involution in S, contrary to Proposition 2.1.
Case II: G = G2(p)
Clearly, G = {ai , bai | 0 ≤ i ≤ 2 p − 1}. Furthermore, a and bai (0 ≤ i ≤ 2 p − 1) have
the same relations as a and b. This implies that there is an automorphism of G which maps
a to a and bai to b. Since G cannot be generated by elements in 〈a〉, one may assume that
b, b−1 ∈ S. Thus, S = {b, b−1, am, a−m} or {b, b−1, bam, (bam)−1} for some 1 ≤ m ≤ 2 p − 1.
Since G = 〈S〉, m is not divisible by p and so (m, 2 p) = 1 or 2. If (m, 2 p) = 1 then there
is an automorphism of G which maps am to a and b to b. In this case, one may assume that
S = {b, b−1, a, a−1} or {b, b−1, ba, (ba)−1}. Let (m, 2 p) = 2 and m = 2n. Then 0 < n < p.
Note that a−m = a2(p−n) and (bam)−1 = bam+p. Since (m + p, 2 p) = 1 and either (n, 2 p) = 1
or (p − n, 2 p) = 1, one may assume that S = {b, b−1, a2, a−2} or {b, b−1, ba, (ba)−1}. It
follows that S = {b, b−1, a, a−1}, {b, b−1, a2, a−2} or {b, b−1, ba, (ba)−1}.
Suppose that S = {b, b−1, a, a−1} or S = {b, b−1, a2, a−2}. Since a−1 and b−1 have the
same relations as a and b, the map a → a−1 and b → b−1 induces an automorphism of G2(p),
say α. Then α ∈ Aut(G, S), which is impossible by Proposition 2.1.
Thus, S = {b, b−1, ba, (ba)−1}. Since {b, b−1} = b{1, a p} and {ba, (ba)−1} = ba{1, a p},
we have X ∼= C2p[2K1], where C2p is a cycle of length 2 p. It follows that X is symmetric, a
contradiction.
Case III: G = G3(p)
In this case, G = {ai , bai , b2ai , b3ai | 0 ≤ i ≤ p − 1}. Furthermore, for each i , bai and
b3ai have order 4 and b2ai has order 2. Since ai and ba j have the same relations as a and b
for 0 < i < p and 0 ≤ j < p, there are automorphisms αi, j of G such that (ai )αi, j = a and
(ba j )αi, j = b. By Proposition 2.1, b2ak ∈ S for each 0 ≤ k ≤ p − 1. Thus, one may assume that
S = {b, b−1, a, a−1} or {b, b−1, ba, (ba)−1}.
If S = {b, b−1, a, a−1} then, by Proposition 2.1, Cay(G, S) is not half-transitive because
αp−1,0 ∈ Aut(G, S) satisfies (a−1)αp−1,0 = a. Thus, S = {b, b−1, ba, (ba)−1}. Define a
permutation σ on G as follows: bai → b3a(1−i)r , b2ai → b2a(1−i)r , b3ai → ba−ir
and ai → a−ir (0 ≤ i < p − 1). Denote by N(g) the neighborhood of g in X . Then,
N((ai )σ ) = (N(ai ))σ = {ba−ir , b3a−ir , ba1−ir , b3ar(1−i)}. Similarly, one may show that
N((b j ai )σ ) = (N(b j ai ))σ for j = 1, 2, 3 respectively. Thus, σ ∈ Aut(X). Since σ permutes S
cyclicly, X is symmetric, a contradiction. 
Remark. A Cayley graph Cay(G, S) is called normal if R(G) is normal in Aut(Cay(G, S)).
Xu [26] proved that Cay(G, S) is normal if and only if Aut(Cay(G, S))1 = Aut(G, S). For
G = G3(p) and S = {b, b−1, ba, (ba)−1}, it is easy to show that Aut(G, S) ∼= Z2. By the proof
of Case III of Lemma 3.2, Aut(Cay(G, S))1 contains the element σ of order 4. Thus, Cay(G, S)
is a symmetric Cayley graph which is not normal.
The following is the main result of this paper.
Theorem 3.3. Let p be a prime and X a tetravalent graph of order 4 p. Then, X is half-transitive
if and only if p = 1 (mod 8) and X ∼= X (4, p).
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Proof. The sufficiency is true because the graph X (4, p) is half-transitive by Marusˇicˇ [14,
Theorem 3.4] or ˇSajna [21]. To prove the necessity, let X be a tetravalent half-transitive graph
of order 4 p. Then X is connected because there are no half-transitive graphs of order p or 2 p
(see [5,6]). By Proposition 2.3, one may assume that p ≥ 7 and by Lemma 3.2, X is not a Cayley
graph. Let A = Aut(X). Then, A has no regular subgroups, that is, no subgroups acting regularly
on V (X).
Clearly, X is a (A, 12 )-transitive graph. Under the natural action of A on V (X) × V (X),
A has two orbits on the arc set of X , say A1 and A2, which are paired with each other, that
is, A2 = {(v, u) | (u, v) ∈ A1}. Thus, one may obtain two oriented graphs having V (X) as
the vertex set, and A1 and A2 as the arc sets. Let DA(X) be one of the two oriented graphs.
Then DA(X) has out-valency and in-valency equal to 2 which admits A as an arc-transitive
automorphism group. Since DA(X) has out-valency and in-valency equal to 2, the stabilizer Au
of u ∈ V (X) in A is a 2-group and so |A| = 2m p for some integer m, implying that A is solvable.
First we prove a claim.
Claim: A has a normal Sylow p-subgroup.
Suppose to the contrary that A has no normal Sylow p-subgroups. Let N be a minimal normal
subgroup of A. Since |A| = 2m p, N has order 2 power and the normality of N implies that all
orbits of N either have length 2 or have length 4 because |V (X)| = 4 p.
Assume that the orbits of N have length 2. Let X N be the quotient graph of X corresponding
to the orbits of N , with two orbits adjacent in X N whenever there is an edge between those orbits
in X . Then, |V (X N )| = 2 p. Since X is edge-transitive, X N has valency 2 or 4. Suppose X N has
valency 2. Then X N is a cycle of length 2 p, implying that X = C2p[2K1]. This is impossible
because X is symmetric. Thus, X N has valency 4. Let K be the kernel of A acting on V (X N ). In
this case, the stabilizer Ku of u ∈ V (X) in K fixes the neighborhood of u in X pointwise because
K fixes each orbit of N . By the connectivity of X , one has Ku = 1. Thus, K acts regularly on
each orbit of N , forcing that |K | = 2. Since N ≤ K , one concludes K = N ∼= Z2. Let M/N
be a minimal normal subgroup of A/N . Then, M  A. As |A| = 2m p, one has M/N ∼= Zp
or M/N ∼= Zt2 for some integer t . Suppose that M/N ∼= Zp . Then |M| = 2 p and a Sylow
p-subgroup of M , say P , is also a Sylow p-subgroup of A. Since p ≥ 7, P is normal in M and
so characteristic in M . It follows that P  A because M  A, contrary to the hypothesis that A
has no normal Sylow p-subgroups. Thus, M/N ∼= Zt2 for some integer t . Since |V (X N )| = 2 p,
the orbits of M/N on V (X N ) have length 2, forcing that the orbits of M on V (X) have length 4.
Thus, A always has a normal subgroup (N or M), of which the orbits have length 4. Without
loss of generality we assume that this normal subgroup is M . Let X M be the quotient graph of X
corresponding to the orbits of M and we also use K to denote the kernel of A acting on V (X M ).
Then M ≤ K and A/K is a subgroup of Aut(X M ). Clearly, |V (X M )| = p and X M has valency
4 or 2.
Suppose that X M has valency 4. Then Ku = 1 for each u ∈ V (X) because K fixes each orbit
of N . Thus, K acts regularly on each orbit of M , forcing that |K | = 4 and K = M . Clearly, X M
is (A/M, 12 )-transitive. Since X M has p vertices and |A| = 2m p, a Sylow p-subgroup P M/M
of A/M is regular on V (X M ), where P is a Sylow p-subgroup of A. It follows that P M is a
regular subgroup of A, a contradiction.
Thus, X M has valency 2 and so X M is a cycle of length p. Let u ∈ V (X) and suppose Ku = 1.
It follows that |K | = 4, K = M and so A/M is a subgroup of Aut(X M ). Since X M is a cycle
of length p, a Sylow p-subgroup of A/M is regular on X M and one may conclude the same
contradiction as in the above paragraph. Thus, Ku = 1. Let X M = (B0, B1, . . . , Bp−1), where
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Bi is an orbit of M and Bi is adjacent to Bi+1 in X M for each i ∈ Zp . By the edge-transitivity of
X , the induced subgraph 〈Bi ∪ Bi+1〉 of Bi ∪ Bi+1 in X has valency 2. Since M is transitive on
each Bi and Ku = 1, all edges in the induced subgraph 〈Bi ∪Bi+1〉 have the same direction either
from Bi to Bi+1 or from Bi+1 to Bi in the oriented graph DA(X). This implies that A/K ∼= Zp by
the half-transitivity of X and that if an automorphism of X maps B0 to B1 then it maps Bi to Bi+1
for each i ∈ Zp . Let β ∈ Aut(X) be of order p. Clearly, the action of β on {B0, B1, . . . , Bp−1}
is a p-cycle. Thus, there exists an integer k such that Bβ
k
0 = B1. Set α = βk . It follows that α has
order p and Bαi = Bi+1 for each i ∈ Zp . Since the induced subgraph 〈Bi ∪ Bi+1〉 has valency 2,
the transitivity of M on each Bi implies that 〈Bi ∪ Bi+1〉 is either an 8-cycle or a union of two
4-cycles for each i ∈ Zp .
Suppose that 〈Bi ∪ Bi+1〉 is an 8-cycle. Then K acts faithfully on each Bi and Ku = 1 implies
Ku ∼= Z2. It follows that |K | = 8. As A/K ∼= Zp , one has |A| = 8 p. Since 〈Bi ∪ Bi+1〉 is an
8-cycle and K acts faithfully on each Bi , K is isomorphic to a subgroup of D16, the
automorphism group of 〈Bi ∪ Bi+1〉. It follows that K is either a dihedral group or a cyclic
group of order 8, implying that K has a characteristic subgroup of order 2, say L. It follows that
L  A. Thus, |A/L| = 4 p and since p ≥ 7, A/L has a normal Sylow p-subgroup, say P L/L,
where P is a Sylow p-subgroup of A. Thus, P L  A. Since |P L| = 2 p, P is characteristic in
P L and so normal in A, a contradiction.
Thus, 〈Bi ∪ Bi+1〉 is a union of two 4-cycles. Remember that α ∈ Aut(X) has order p and
Bαi = Bi+1 for each i ∈ Zp . Let Bi = {v0i , v1i , v2i , v3i } such that (v ji )α = v ji+1 for i ∈ Zp and
j ∈ Z4. Consider a 4-cycle C in the induced subgraph 〈B0 ∪ B1〉 and let n be the number of
edges of C which are on some orbit of α. Then, n = 0, 1 or 2 and, consequently, 〈B0 ∪ B1〉 is
one of the following three cases.
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Case I Case II Case III
It is easy to see that for the Case I, X = 2Cp[2K1] and for the Case II, X = C2p[2K1]. In
both cases, X is symmetric, a contradiction. Noting that α ∈ Aut(X), for the Case III one has
E(X) = {[v0i , v0i+1], [v0i , v1i+1], [v1i , v2i+1], [v1i , v3i+1],
[v2i , v0i+1], [v2i , v1i+1], [v3i , v2i+1], [v3i , v3i+1] | i ∈ Zp}.
Define a permutation γ on V (X) by (v0i )
γ = v0p−i , (v1i )β = v2p−i , (v2i )β = v1p−i and (v3i )β =
v3p−i (i ∈ Zp). One may easily show that N((v0i )γ ) = (N(v0i ))γ , N((v1i )γ ) = (N(v1i ))γ ,
N((v2i )
γ ) = (N(v2i ))γ and N((v3i )γ ) = (N(v3i ))γ (i ∈ Zp). Thus, γ ∈ Aut(X). Note that γ fixes
v00 and interchanges v
0
1 and v
0
p−1. Thus, Ku = 1 implies that X is symmetric, a contradiction.
Thus, the claim is true, that is, A has a normal Sylow p-subgroup. Denote by N the unique
normal Sylow p-subgroup of A. Let X N be the quotient graph of X corresponding to the orbits
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of N , and K the kernel of A acting on V (X N ). Then N has four orbits of length p. Since
X is edge-transitive, X N is a cycle of length 4. Let u ∈ V (X). Suppose that Ku = 1. Then
|K | = p and K = N . Since X is half-transitive, |A/N | > |V (X N )| = 4 and since X N is a
cycle, A/N = Aut(X N ) ∼= D8. Thus, A/N has a regular subgroup, say B/N , on V (X N ), where
N ≤ B ≤ A. It follows that B is regular on V (X) and so X is a Cayley graph, which is impossible
by Lemma 3.2. Thus, Ku = 1. Let V (X N ) = (B0, B1, B2, B3), where Bi is an orbit of N and
Bi is adjacent to Bi+1 in X N for each i ∈ Z4. It follows that |Bi | = p. Since N is transitive on
each Bi , the induced subgraph 〈Bi ∪ Bi+1〉 of Bi ∪ Bi+1 in X is a cycle of length 2 p. Thus, K
acts faithfully on each Bi and Ku ∼= Z2, forcing that |K | = 2 p and K = N  Z2. Furthermore,
all edges in the induced subgraph 〈Bi ∪ Bi+1〉 have the same direction either from Bi to Bi+1
or from Bi+1 to Bi in the oriented graph DA(X). Thus, A/K ∼= Z4 by the half-transitivity of X
and if an automorphism of X maps B0 to B1 then it maps Bi to Bi+1 for each i ∈ Z4. Clearly,
|A| = 8 p. Let P2 be a Sylow 2-subgroup of A. Then |P2| = 8 and A = N P2. Since N ≤ K ,
there exists a β ∈ P2 such that Bβ0 = B1 by the vertex-transitivity of A. Thus, Bβi = Bi+1 for
each i ∈ Z4. Since |P2| = 8, β has order 4 or 8. If β has order 4 then 〈β〉N is a regular subgroup
of A, contradicting to the fact that X is not a Cayley graph. Thus, β has order 8. Clearly, the
orbits of β on V (X) have length 8 or 4, and β4 fixes each Bi setwise, that is, β4 ∈ K . Thus,
K = N〈β4〉. Since |Bi | = p is odd, β has at least one orbit of length 4 and so β4 fixes at least
one vertex in each orbit Bi . Since K acts on each Bi faithfully, the constituent K Bi is a Frobenius
group on Bi with N Bi as its normal regular subgroup. It follows that β4 fixes exactly one vertex
in each Bi and so β has exactly one 4-cycle in its disjoint cycle decomposition.
Let N = 〈α〉 and Bi = {v ji | j ∈ Zp} such that (v ji )α = v j+1i for i ∈ Z4 and j ∈ Zp .
One may assume that (v00 v
0
1 v
0
2 v
0
3) is the unique 4-cycle in the disjoint cycle decomposition of
β. It follows that β4 fixes v00, v
0
1, v
0
2 and v
0
3. Thus, Kv00 = Kv01 = Kv02 = Kv03 = 〈β
4〉. Since
the constituent K Bi is Frobenius on each Bi , Kv0i has orbits {v
j
i , v
− j
i } ( j ∈ Zp) on Bi . Since
Kv00 = Kv01 , v
0
0 is adjacent to vx1 and v−x1 for some x ∈ Z∗p . By Alspach et al. [1], X is (4, p)-
metacirculant and the symbol of the bipartite graph 〈B0, B1〉 is T = {x,−x}. Furthermore,
the symbol of the bipartite graph 〈Bi , Bi+1〉 for each i ∈ Z4 is r i T where r is an integer
such that αβ = αr . Thus, T = r4T , implying that r4 = ±1. Note that the edge set of X is
{[v ji , v j+xr
i
i+1 ], [v ji , v j−xr
i
i+1 ] | i ∈ Z4, j ∈ Zp}.
Define Y (r; 4, p) to be the graph having vertex set {v ji | i ∈ Z4, j ∈ Zp} and edge set
{[v ji , v j+r
i
i+1 ], [v ji , v j−r
i
i+1 ] | i ∈ Z4, j ∈ Zp}. By the definition of the graph X (r; 4, p) before
Lemma 3.1, Y (r; 4, p) = X (r; 4, p) if r4 = −1. Note that graph X and the graph Y (r; 4, p)
have the same vertex set {v ji | i ∈ Z4, j ∈ Zp}. Define a permutation γ by v ji → vx ji on the set
{v ji | i ∈ Z4, j ∈ Zp}. It is easy to show that γ is a graph isomorphism from Y (r; 4, p) to X . By
Marusˇicˇ [14, Theorem 3.4] or ˇSajna [21], Y (r; 4, p) is arc-transitive if r4 = 1. Thus, r4 = −1
and so X ∼= X (r; 4, p). By Lemma 3.1, X ∼= X (4, p). 
By Lemma 3.2, the tetravalent half-transitive graphs X (4, p) of order 4 p in Theorem 3.3 are
not Cayley graphs.
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